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Partial Fraction Exercise

X—-2

Resolve the expression ————
(x? +1)(x -1)°

into simplest partial fractions.

Let g(x) be a quadratic polynomial and a, b, ¢ distinct constants.
g(x) A . B
(x—a)(x-b)(x-c) x-a x-b x-c

where A, B, C are constants, express A interms of a, b, ¢ and g(a).

X2

Hence or otherwise resolve into partial fractions.
(x=-D(x-2)(x-3)

Prove that, if a, b, ¢ are unequal,

a’ b2 c? 1 1 1

bc(a—b)(a-c) ’ ca(b-c)(b-a) ’ ab(c-a)(c-b) - bc ca ab

Find the coefficients of A, B, C, D so that the following equation may be true for all values of x,

1+x? A B Cx+D
= +——+
(x? —4)2x?*+5) x-2 x+2 2x*+5

2

az(x—b)(x—c)+ b*(x —c)(x —a) +cz(x—a)(x—b)

Establish the identity:
(a-b)a-c)  (b-c)b-a)  (c-a)(c-b)

=X

Resolve into partial fractions:

2x° -8X° +X+6 5x° —4x+16
@ == (b) e
(x=-3) (x=3)(x* —=x+1)
: 4 4 . (x-a)* . : :
By expressing (x—a)” as (x+a-2a)", orotherwise, express ( ) into partial fractions.
X+a
a-b 2 . . .
y=————— expressyand y- in partial fractions.
(x—-a)(x—b)
Express as a sum of partial fractions:
3x? +4x+7 1+3x x?
(@ T b — ©) -
X —=3x+2 @+2x)1-x) 1-x
9 5-7x x*+7x* +9x-14
d — ® () _
(1-2x)1+x) 2X7 —x° —=2x+1 (x+3)(4-x7)
X
@ (1+x*)(1+x)?
. . . . . 1 1
Express in partial fractions. Hence find the sum of n terms of the series: + + +oenn
X(X+2) 1x3 2x4 3x5
Resolve —————— into partial fractions when n is a positive integer.
X(x=2)(x=1)*"
2 . . .
Express o 43 into partial fractions.
X(X+1)(x+2)



13.

14.

15.

16.

17.

18.

19.

20.

21.

Resolve X into partial fractions. Hence find the sum of Z
(X +1)(x+2)(x +3) (N +1)(n+2)(n +3)

Using partial fractions, find the sum of:

1 1 1 1
+ + et
1x2x3 2x3x4 3x4x5 n(n+1)(n+2)

@

4 7 10 4n+1
+ + oot
2x3x4 3x4x5 4x5x6 (n+D(Nn+2)(n+3)

(b)

(@) Write down the formula for the sum of the coefficients in the expansion of (1 + x)™,

where m is a positive integer.

2n-1
(b) Deduce t .+ .+ o -l
nEn)t 21(2n-1! 31(2n-2)! nln+1)! (2n+1)!
Prove that (X—l)(X—Z).,,,(X_n) =1+Zn: (_1)n—r+ (n+r)! and show that i le_(_l)”.

(X+D)(x+2)---+(x+n) (n=0)r'(r=DY(x +r) = (M *(n-n)

1 o . n (-1)°A,
e Z _ E0A

Express in partial fractions. Hence, show that Z
X(X+1)----(X+n) = X(X +1) (x+r1) = nl(n—s)I(x+5)

where the A are polynomials of degree nin a  with integral coefficients.

4nt 27 8n 4rt
XC0S— —2C0S— xcos——Zcos—
. . . .1 2 5 2 5 5
Prove that . when expressed in partial fractions is — +— 5 +—- 2 .
x* -1 5 x-1 5 42 oycos“™+1 O x?_2xcos " 41
5 5
XP
Express in partial fractions the function: inthetwocases (@) 1<p<n-1, (b)p=n.
(X+1)---(x+n)
. . 1° 2° -1)"*(n-1)" (-)"'n®
Hence or otherwise prove that the expression - et )" (-1 + (=97n
W(n-1)! 21(n-2)! (L n!
takes the value zerowhen p=0,1,2,...,n-1, andfindits value when p=n.
Prove that if (1 +X)"=co+ X+ .... + X", then
c c c c n!
2 2 (Y= where y is not zero or a negative integer.
y y+1 y+2 y+n  y(y+Dy+2).(y+n)

Giventhat f(X)=(x—a) (Xx—2ay) ....(x—a,) and ay, ay,...., a, are unequal.

(@) Prove that M:i _1

f(x) 1 X-—a,
[f' ()] —F()F"(x) & 1
(b) Prove that > = —
' [F ()] 2 e

0090 & d@,) 1
f(x)_; f'@a)x-a,

000> @) 1
f(X) r=1 gr(ar)x_ar

() If &(x) isapolynomial of degree < n, prove that

If f(x) = (x-a;)g/(x), show that the above result can also be put in the form
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Given that f(x) = (X —ag) (X —a) .... (X —a,), where ay, a, -..., a, are all distinct, and ¢(x) is a polynomial of degree

. a
not greater than n + 1, show that Z M

r=0 r

is the coefficient of X" in ¢(x).

ax?+bx +c _A . B . C
X—a)(X-B)(x-y) X-a XxX-B x-y

Given that for all x,

. " . N 3n+1
find the conditionthat A+ B+ C=0. Hence or otherwise, evaluate E n—+.
= n(n+1)(n+2)

(a) Find the values of A, B, C, D so that

3+x° A . B +C+Dx
(1-x)°@A+x?*) 1-x (1-x)* 1+x°

becomes an identity.

(b) Provethatwhen -1<x<1, X + + +..=

x®—x?+1

Resolve the expression .

into partial fraction.

2
Determine the constant A in the identity: (5+1J{\/§—5j[\/_— X+ 2yj = A(\/_—ij .
y y X+y y

Using this identity, prove:

. N . . . m m+2n
(i)  that the irrational number V2 lies between the positive rational number — and .
n m+n
. . m+2n m
(ii) that V2 iscloser to than to — .
m+n n

n+2

Let n be any positive integer, and a,, b, the coefficients of X" in (1 + x)" and (1 + x)"™ respectively. Prove that:

(@ bup=a+2aut+an, if 0<r<n-2.
n! ~ (Da,

X(X+1)...(x+n) S5 x4

a, a, . (-D"a, B (n+2)!

© X(X4D(X+2)  (X+D(X+2)(x+3)  (X+n)(X+n+D)(X+n+2) 2X(X+1)..(x+Nn+2)

(a) Let A(x) be a polynomial of degree n in x, with real coefficients and n real roots Xy, Xy, ..., Xp.

Prove that z 1 AKX
T X=X, AX)

, where A’(X) is the derivative of  A(X).

Hence or otherwise, prove that Zn: ( ! ¥ :[A'(X)][Z);(A)(]i)A"(X)
i1 (X=X, X

(b) Resolve

into partial fraction.
(x-1)

(c) Let Xy, Xp, X3, X4 be roots of the polynomial

B(x) =x*-10x*+1.  (You may assume that all the roots of B(x) are real.)

4 J—
Using (a) and (b) or otherwise, evaluate the sum: z (2X‘ 1)12 .
i=1 Xi -



(For Q.29 — 34, the concept of Binomial series is needed.)
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7—-8x . . . . . N .
Resolve m into partial fractions. Hence find the expansion of the function in ascending powers of x.
-X)(2-x

State for what range of values of x the expansion is valid and prove that, from the fourth terms onwards, the coefficients

are all negative.

1+Xx

Resolve into partial fractions ————.
(1+2x)*(1-x)
For what range of values of x can this function be expanded as a series in ascending powers of x?

Write down the coefficient of X" in this expansion.

. . . 2 . -
Resolve into partial fractions ———————— and hence obtain the coefficients of x*" and x

(1-2x)*(1+4x?)

*™L in the expansion of

this function in ascending powers of x.

State the range of values of x for which the expansion is valid.

. . . x*+1 . - . . . -
Resolve into partial fractions m and hence obtain the coefficient of X" in the expansion of this function in
X—=3)*(x—

ascending powers of x.

For what range of values of x for which the expansion is valid?

2

Resolve into partial fractions #)((4) and expand the function in a series of ascending powers of x. Find the
—X +X

coefficient of x" and state the range of values of x for which the expansion is valid.

3x+4 . . . . . . . .
Express ———— in partial fractions. Hence obtain the expansion of the given expression in ascending powers
(X+D(x+2)°

of x as far as the term in x?, stating the necessary restrictions on the value of x.



